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I. INTRODUCTION
It is interesting to note that, at least at the level of back-of-the-envelope calculations, a
slightly modified Newtonian theory of gravity can give results surprisingly close to some of
those in general relativity. One does need to give the speed of light a privileged position as
a sort of “speed limit” attached to ordinary Newtonian gravity. Of course, since Newtonian
gravity is an action-at-a-distance theory, it is difficult to use it to model such things as
gravitational radiation. This said, much can be done. Since Newtonian gravity is studied at
a relatively elementary stage in physics education, the results from this modified Newtonian
theory are sometimes more transparent than similar results in GR.
A classic example of this is the prediction of “dark stars” by Michell [1] and Laplace [2]
in the 18th century, where the calculation for radial motion away from a mass M of a radius
where escape velocity is the speed of light, so light itself cannot escape, making any massive
body smaller than this radius invisible or “black.” The radius of the dark star is well known
to be
r =
2GM
c2
, (1)
exactly the same as the Schwarzschild radius in GR. It is also known that this exact result
is a coincidence. However, one might expect from dimensional grounds something like this
result but with a coefficient different from two.
If we now apply our “speed limit” of c, the orbital mechanics of a particle of mass m will
be complicated, but one thing is certain; once the particle falls below the above radius it
can no longer escape, giving the Michell-Laplace dark star some important attributes of a
black hole. For this reason we will call such a “dark star” a Michell-Laplace black hole, and
the radius of the black hole the Michell-Laplace radius, rML. Figure 1 shows this.
Once we have the concept of a Michell-Laplace black hole, there are a number of possible
calculations that can be performed that are similar to ones done in GR, with the advantage
that they become much simpler and possibly more obvious.
In this simplified picture we want to study several scenarios known in GR. In Section II
the first concept we will treat is simplified particle production by the black hole and compare
the results to those from a similar GR calculation discussed in the Appendix. Section III will
be devoted to a Newtonian version of Jacobson’s derivation of the Einstein field equations
from black hole entropy. Section IV will study higher-order Newtonian theory (a MoND
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FIG. 1. Michell-Laplace black hole
theory) in order to investigate the possibility of a calculation similar to that of Guedens,
Jacobson and Sarkar [3] for a higher-order relativistic theory of gravity. Section V will be
conclusions and suggestions for further research.
A final note is that we have chosen to use ordinary cgs units as in Eq. (1) instead of GR
units where G = c = 1 (and sometimes ~ = kB = 1, kB the Boltzmann constant).
II. “HAWKING” TEMPERATURE AND BLACK HOLE ENTROPY
In the Appendix we use a simplified picture of particle production by a GR black hole
to calculate back-of-the-envelope values for the equivalent of the Hawking temperature by
assuming that virtual production of a particle pair occurs in a shell the width of the Compton
wavelength of a particle of mass m around the horizon of a GR black hole. In the Newtonian
case we can do the same for a Michell-Laplace black hole with the shell surrounding the
surface where escape velocity is c. Figure 2 shows this scenario.
In the Appendix, we model virtual gravitational particle production on the production of
electron-positron pairs by taking the Feynman diagram in Fig. 6 there literally and assume
that a strong enough electric field would split the virtual pair and produce real particles.
The equivalent figure here would be a “Feynman” diagram (treating the gravitational field
as similar to the electromagnetic field) shown in Fig. 3 Notice that special relativity
implies that we do not expect conservation of mass as we do for conservation of charge in
electromagnetism, so we can produce two particles of the same positive mass.
However, if both masses are positive, when one falls into the black hole the mass M of
the black hole increases, so the energy carried away by the escaping particle does not lead
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FIG. 2. A shell of width lc around a Michell-Laplace black hole
FIG. 3. A “Feymnan” diagram for the virtual production of two particles of mass m
to black hole evaporation. We can formally assume that one of the masses is negative, and
the negative mass, for some unknown reason, always falls into the hole. A simple calculation
shows that the equation for black hole evaporation would be essentially the same as the one
given by Hawking.
At a radius of rML + lc/2 one of these particles could fall into the ML black hole and
disappear (since it cannot exceed the “speed limit” c) and the other could escape to infinity.
We will assume that the particles will be produced with velocity c, an assumption we will
justify shortly. We also assume that the new real particle will depart from the point of
production radially away from the ML black hole. There is no real justification for this
except for the reasonableness of the final answer.
In elementary Newtonian theory the energy per unit mass of a particle of mass m in such
radial motion is
E
m
=
1
2
(
dr
dt
)2
− GM
r
. (2)
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Now, if the particle is produced with velocity c at rML + lc/2,
E
m
∣∣∣∣
r= 2GM
c2
+lc/2
=
1
2
c2 − GM
rML + lc/2
(3)
≈ 1
2
c2 − GM
rML
(
1− lc
2rML
)
, (4)
this is the same at r =∞,
E∞ =
1
2
mc2 − GMm
rML
+
~c3
8GM
(5)
=
1
2
mc2 − GMm
2GM/c2
+
~c3
8GM
(6)
=
~c3
8GM
. (7)
This energy corresponds to a temperature (E/kB) of
T =
~c3
8GMkB
, (8)
exactly the same as the GR result for the same calculation and quite close to the Hawking
temperature. We will call this temperature the Michell-Laplace-Hawking temperature TMLH
We would like to calculate an entropy associated with this temperature. We start by
assuming a small bit of matter of mass dM falls from infinity into the M-L black hole, which
means that its velocity as it crosses into the black hole is c. The energy inside the black
hole increases by dMc2/2, and using the Clausius relation, dE = TMLHdS, we have
1
2
dMc2 =
~c3
8GMkB
dS, (9)
or
4GkB
~c
MdM = dS, (10)
and integrating,
S =
2GM2kB
~c
. (11)
In terms of the area of the black hole, A = 4pir2ML,
S =
kBA
8pi`2P
, (12)
comparable to the Bekenstein-Hawking entropy S = kBA
4`2P
.
Note that all of these results are independent of the mass of the produced particle m, so
formally we can take m → 0 and model a photon. It is not unreasonable to assume that
5
this “photon” would move with velocity c, justifying our original assumption of the particle
being produced with this velocity.
We need to point out a few facts. One is that if we define the “surface gravity” κ of
the M-L black hole as the gravitational force per unit mass at rML or the acceleration of a
particle at the surface,
κ =
c4
4GM
, (13)
and our Michell-Laplace temperature is
TML =
~κ
2kBc
, (14)
equal to pi times the GR result. It is easy to show that this is a universal relation for any
Newtonian-type theory that gives a Newtonian potential Φ that is a function of radius only.
We have
T = E∞/kB =
1
kB
[
1
2
mc2 +mΦ(rML + lc/2)
]
, (15)
or to first order in lc,
T =
1
kB
[
1
2
mc2 +mΦ(rML) +
~
2c
dΦ
dr
∣∣∣∣
r=rML
]
. (16)
If Φ is a function of radius only, κ = |∇Φ(rML)| = dΦdr
∣∣∣∣
r=rML
, and 1
2
mc2 +mΦ(rML) = 0,
T =
~κ
2ckB
. (17)
Of course non-Newtonian theories give more complicated Φ’s, as we will see in Section V.
The Bekenstein entropy-area relation, S = (kB/4l
2
P )A, becomes, in the Newtonian case,
S = (kB/8pil
2
P )A.
III. NEWTONIAN FIELD EQUATIONS FROM ENTROPY
Jacobson and several coauthors [4],[5],[3], [6], [7] have considered the possibility of deriving
the Einstein field equations from the Clausius relation, as well as several possible other
relativistic field equations. We would like to consider the possibility of similar derivations
for Newtonian physics and, in the next Section, modified Newtonian dynamics.
Jacobson, in Ref. [4], considers the infall of matter through an Unruh horizon as a
touchstone of his derivation. We will consider the infall of matter through the sphere that
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is the boundary of a Michell-Laplace black hole of mass M . The Michell-Laplace radius
is again rML = 2GM/c
2. We will assume that this black hole is surrounded by a radially
infalling cloud of particles of constant density ρ. If we assume that the infall velocity of the
cloud at rML is c (as if the particles were falling from infinity beginning with velocity zero).
The kinetic (heat) energy of the cloud at the horizon would be ρc2/2, and the simplest way
of defining the amount of energy entering the black hole (of area A) per unit of time would
be
dE
dt
=
1
2
ρc3A. (18)
(notice that the energy loss from the environment would be −ρc2A/2). We will return to
this equation later.
One of the bases for the Jacobson calculation is the Raychaudhuri equation. In elementary
Newtonian theory no such equation exists. However, we can find an equivalent equation by
slightly modifying the Cartan formulation of Newtonian theory, that is, Cartan defined an
affine (originally with no metric) space by writing the Newtonian equation of particle motion
as a geodesic equation,
d2xµ
dτ 2
+ Γµαβ
dxα
dτ
dxβ
dτ
= 0, (19)
and defined Γi00 = Φ,i, Φ the Newtonian potential, and the rest of the Γ
µ
αβ = 0. In this case
τ = at+ b, and we can choose b = 0, a = 1, τ = t and
d2xi
dt2
= −Φ,i. (20)
If we calculate Rµν , we find
R00 = ∇2Φ, rest zero, (21)
and the field equation is
R00 = 4piGρ. (22)
Deriving the Raychaudhuri equation for the Newton-Cartan theory needs a metric which
does not exist for the standard theory. However, we can define a metric gµν , but such
a modified Newton-Cartan formulation will have to have nonmetricity, that is, the most
general form of any connection coefficients [8] is
Γσνα =
1
2
gσµ(gµν,α+gµα,ν−gαν,µ)− 1
2
(Tα
σ
ν+Tν
σ
α−Tαν σ)− 1
2
(Qα
σ
ν+Qν
σ
α−Qσ αν), (23)
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where T µαβ is the torsion tensor and Qαµν ≡ gµν;α is the nonmetricity tensor. Here we want
to have gµν = const., T
σ
µν = 0 and
Q0i0 = −Φ,i, (24)
rest zero. We can take gµν = δµν to give us Eq. (20). Notice that in order to keep a purely
Newtonian theory we are not allowed to make coordinate transformations that change t.
The Raychaudhuri equation for a vector field uµ can be derived (See, for example, Dadhich
[9]) by defining the usual quantities,
θ = uµ;µ, (25)
σµν = u(µ;ν) − 1
3
θ(gµν − uµuν)− u˙(µuν), (26)
(u˙µ ≡ uµ;νuν), and
ωµν = u[µ;ν] − u˙[µuν]. (27)
Even with nonmetricity the Riemann tensor is still defined by
uµ;ν;γ − uµ;γ;ν = −Rµανγuα, (28)
and, putting µ = ν and multiplying by uγ, we find
θ,µu
µ − uµ;γ;µuγ = −Rµνuµuν . (29)
The usual derivation of the Raychaudhuri equation rewrites the second term on the left-hand-
side as uµ;νu
ν;µ by using (uν;µu
µ);ν = u
ν
;µ;νu
µ + uν;µu
µ
;ν and the fact that the left-hand-side is
zero for a geodesic field, and finally we have
uµ;νu
ν;µ = (σµνσ
µν − ωµνωµν) + 1
3
θ2, (30)
so we arrive at
dθ
dλ
≡ θ,µuµ = −(σµνσµν − ωµνωµν)− 1
3
θ2 −Rµνuµuν . (31)
Note that these final steps rely heavily on being able to bring gµν inside the covariant
derivative, i.e. gµν;α = 0⇒ uµ;νgµα = uα;ν , but this is not true for a space with nonmetricity.
With these cautions, as in the relativistic case we will be interested in a pencil of geodesics
propagating radially from the horizon of the Michell-Laplace black hole. We will assume
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that the tangent vector to this field is uµ ≡ (u0, u˜ni), ni a constant radial normal to the
black hole. The geodesic equation, uµ;αu
α = 0 gives for µ = 0,
u0;αu
α = u0,0u
0 + u0,iu
i + Γ0µαu
µuα (32)
= u0,0u
0 + u0,iu
i = 0. (33)
The standard solution is u0 = const. If this is so, θ becomes
u0,0 + u˜,in
i + Γµαµu
α = u˜,in
i. (34)
Using Γµαµ = 0 and (29) and replacing u
ν
;µ;νu
µ by −uν;µuµ;ν , we find
dθ
dt
+ uν;µu
µ
;ν = −Rµνuµuν (35)
=
dθ
dt
+ u˜,iu˜,jn
inj =
dθ
dt
+ θ2 = −R00(u0)2. (36)
If, as in the relativistic case , we are interested in the evolution of θ over a short time, so we
discard the θ2 term [4], and we find
dθ
dt
= −R00(u0)2 = −∇2Φ(u0)2. (37)
As in the relativistic case, we find
dθ
dt
=
d
dt
(
1
A
dA
dt
)
= −∇2Φ(u0)2. (38)
Solving this equation for a short time interval, we have (expecting ∇2φ to be constant
since ρ = const. and u0 = const.)
1
A
dA
dt
= −t∇2Φ(u0)2, (39)
and, if A(t = 0) ≡ A0,
A = A0e
− ∫ t∇2Φ(u0)2dt (40)
≈ A0 − A0
∫
t∇2Φ(u0)2dt = A0 + δA. (41)
We will now take the entropy S to be ηA,
S = ηA0 − ηA0
∫
t∇2Φ(u0)2dt = S0 + δS. (42)
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Instead of using (18) for dE/dt, for consistency we will follow Jacobson in writing
dE
dt
=
t
2t(0)
ρc3A, (43)
where he takes the Unruh value, t(0) = c/κ. Now
E = E0 − A0
∫
κ
2c
tρc3dt = E0 + δE, (44)
which, with (taking u0 = 1)
TMLδS = − ~κ
2kBc
A0η
∫
∇2Φtdt, (45)
and
δE = −κ
2
c2A0
∫
ρtdt, (46)
and the Clausius relation
δE = TMLHδS (47)
implies, if we want ∇2Φ = 4piGρ,
η =
kBc
3
4pi~G
=
kB
4pil2P
, (48)
that is, 1/pi times the usual η, η = 1/4l2P and twice the Newtonian η from Sec. II.
IV. NEWTONIAN CALCULATION OF THE “HAWKING” TEMPERATURE
AND ENTROPY FOR AN f(R) THEORY
We want to consider similar calculations for a simple example of more complicated New-
tonian theory. Following an article by Quandt and Schmidt [10], who found such theories
using the equations from a Lagrangian of the form
L =
(
R +R
p∑
k=0
akkR
)
√−g, (49)
where  is the d’Alembertian (R;µ;µ).
In our case we will consider a higher curvature theory based on the above Lagrangian for
p = 0 and with a0 ≡ `20 for dimensional reasons,
L = (R + `20R2)
√−g, (50)
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the field equations for a Lagrangian of this form are
Gµν + `
2
0R(2Rµν −
1
2
gµνR) + 2`
2
0gµνR− 2`20R;µ;ν =
8piG
c4
Tµν . (51)
If we now substitute the linearized version of a spherically symmetric metric in isotropic
spherical coordinates [10],
ds2 = −
[
1− 2εφ(r)
c2
]
dt2 +
[
1 + 2ε
ψ(r)
c2
]
(dr2 + r2dθ2 + r2 sin2 θdϕ2), (52)
and since Rµν and R are both of order ε, the above equation to order ε becomes
Gµν + 2`
2
0gµνR− 2`20R;µ;ν =
8piG
c4
Tµν . (53)
The trace of this equation is
−R + 6`20R =
8piG
c4
T. (54)
The final field equations are diagonal, and
G00 − 2`20R =
8piG
c4
T00, (55)
Grr + 2`
2
0R− 2`20R′′ =
8piG
c4
Trr, (56)
1
r2
Gθθ + 2`
2
0R− 2`20
1
r
R′ =
8piG
r2c4
Tθθ. (57)
(where ′ is d/dr) and the left-hand-side of the (ϕϕ) equation divided by sin2 θ is the same
as that of the (θθ) equation. We also have
R =
2
c2
(∇2φ− 2∇2ψ). (58)
For the metric (52) and following Quandt and Schmidt in using Tµν = ρc
2δ0µδ
0
ν we find (for
this metric  becomes the flat space ∇2),
(00) : − 2
c2
∇2ψ − 2`20∇2R =
8piG
c2
ρ, (59)
(rr) :
2
rc2
(ψ′ − φ′) + 2`20∇2R− 2`20R′′ = 0, (60)
(θθ&ϕϕ/ sin2 θ) : − 1
c2
∇2φ+ 1
c2
∇2ψ + 1
c2
(φ′ − ψ′) + 2`20∇2R− 2
`20
r
R′ = 0. (61)
The trace equation is now
−R + 6`20∇2R =
8piG
c2
ρ, (62)
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which can be solved for ∇2R as
∇2R = 1
6`20
(
−8piG
c2
ρ+R
)
, (63)
and plugging this into Eq.(59),
− 2
c2
∇2ψ + 8piG
c2
ρ− 1
3
R =
8piG
3c2
ρ. (64)
Using R = (2/c2)(∇2φ− 2∇2ψ), we can eliminate ∇2ψ using (58) and
∇2ψ = −∇2φ− 8piGρ. (65)
Finally, eliminating ψ from R and G00, Eq. (59) becomes
∇2φ− 6`20∇2(∇2φ)− 32piG`20∇2ρ = −4piGρ. (66)
Notice that linearization has reduced a higher curvature equation to a higher-derivative
equation. Also, an important fact is that ∇2ρ appears.
As in [10], we take ρ to be that of a point mass M , ρ = Mδ(r), and substitute
φ =
A
r
+
B
r
e−r/
√
6`0 , (67)
and find (treating the second term as a distribution where∇2[((B/r)e−r/
√
6`0)] is (B/6`20r)e
−r/√6`0−
4piδ(r)),
Aδ(r)− 6`20[A+B −
4
3
GM ]∇2δ(r) = GMδ(r)). (68)
and putting the coefficients of δ(r) and ∇2δ(r) separately equal to zero, we find
A = GM, B =
1
3
GM. (69)
The Newtonian potential Φ is −φ.
At this point we will take
√
6`0 to be the Planck length `P for reasons that will become
clear below, and Φ is
Φ = −GM
r
(
1 +
1
3
e−r/`P
)
. (70)
Notice that for radii reasonably larger than the Planck length the potential has the form
Φ = −GM
r
[1 + Φ1(r)], (71)
Where Φ1 is small. Both here and in our companion article we are interested in potentials
of this form. In the case of the companion article we investigate quantum corrections to
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forces and potentials derived from generalized entropies by using the techniques of Ref. [11].
In those cases, the Planck length appears naturally from the use of the relation between
black hole entropy and area, SBH = A/4`P , so we will make connection with that work
by assuming that (70) comes from (66) where the higher order terms come from an as yet
unknown quantum gravity, justifying our assumption that `P =
√
6`0.
This said, we can study a potential of the form of (71). For such a potential we can easily
find the Michell-Laplace radius, rML, for a black hole by assuming zero velocity at infinity
for a particle leaving rML with velocity c, and, if we assume that rML is a black-hole radius
of a reasonably large mass, Φ1 should be very small if Φ1 is a function of r/`P , so we have
1
2
c2 − GM
rML
[1 + Φ1(rML)] = 0, (72)
and solving to first order in Φ1,
2GM
c2
= rML[1− Φ1(rML)]. (73)
Since the correction Φ1(rML) is very small, we assume that rML = 2GM/c
2 + λ, λ small.
Expanding Φ1 to first order in λ,
2GM
c2
Φ1(2GM/c
2) = λ
(
1 + Φ1(2GM/c
2) +M
dΦ1
dM
(2GM/c2)
)
. (74)
Dividing by 1 + Φ1 +M(dΦ1/dM) and assuming that MdΦ1/dM is also small, we have
rML ∼= 2GM
c2
[
1 + Φ1
(
2GM
c2
)]
. (75)
As before, if a particle of mass m leaves rML + `c/2 with velocity c, and we expand Φ(rML +
`c/2) to first order in `c, and using the fact that m`c = ~/c, the energy at infinity is
E∞ =
1
2
Mc2
(
`P
rML
)2 [
1 + Φ1(rML)− rML dΦ1
drML
(rML)
]
= kBTMLH . (76)
Using M = (c2/2G)rML[1− Φ1(rML)],
TMLH =
1
2kB
MP c
2
(
`P
rML
)[
1− rML dΦ1
drML
(rML)
]
. (77)
It will be useful later to use TMLH as a function of M , and inserting rML as a function
of M and expanding to first order in Φ1 and dΦ1/dM ,
TMLH =
M2P c
2
8kBM
[
1− Φ1(2GM/c2)−MdΦ1
dM
(2GM/c2)
]
. (78)
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We can now find the equivalent of the Bekenstein-Hawking entropy using
dS = kB
dMc2
2TMLH
. (79)
We have, using dM = [dM(rML)/drML]drML,
dS
drML
= kB
rML
`2P
[1− Φ1(rML)], (80)
or
S =
kB
2
[
r2ML
`2P
− 2
∫
rML
`2P
Φ1drML
]
. (81)
Using (79) with (78), S as a function of M is (integrating by parts),
S = 2kB
(
M
MP
)[
1 + 2Φ1(2GM/c
2)− 2
M2P
∫
MΦ1(2GM/c
2)dM
]
. (82)
For our Φ, Φ1 =
1
3
e−r/`P , and
rML ∼= 2GM
c2
[
1 +
1
3
e−2M/MP
]
, (83)
and
TMLH =
1
2kB
MP c
2
(
`P
rML
)2 [
1 +
rML
`P
e−2rML/`P
]
(84)
=
M2P c
2
8kBM
[
1− 1
3
e−2M/MP +
2
3
M
MP
e−2M/MP
]
. (85)
Finally, integrating (79),
S =
kb
2
[(
rML
`P
)2
+
2
3
(
rML
`P
+ 1
)
e−rML/`P
]
(86)
= 2kB
(
M
MP
)[
1 +
(
5
6
+
M
3MP
)
e−2M/MP
]
. (87)
We now need the entropy-area relation. The area of our black hole is A = 4pir2ML, and
from Eq.(80), S as a function of A becomes
dS =
kB
8pi`2P
[
1− 1
3
e−
√
A/2
√
pi`P
]
dA. (88)
This gives
S =
kB
8pi`2P
[
A− 8pi
3
`2P e
−√A/2√pi`P − 4
√
pi
3
`P
√
Ae−
√
A/2
√
pi`P
]
, (89)
a much more complicated function of A than in the Newtonian case.
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V. CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH
We have shown how Newtonian and modified Newtonian gravity with the addition of
some extremely simplified ideas from quantum field theory can reproduce results from gen-
eral relativity, at least at the level of back-of-the-envelope calculations. These included a
simplified Hawking temperature, the Michell-Laplace temperature, an entropy similar to
the Bekenstein result, a Newtonian version of Jacobson’s calculation of field equations from
entropy, and an investigation of the “Hawking” temperature and entropy for a higher-order
modified Newtonian theory.
On thing that has not been done is to try to deduce field equations for this modified
theory directly from the entropy as a function of area. Calculations similar to those of Refs.
[3] and [5] for higher-order relativistic theories of gravity could be extended to modified
Newtonian theories (MoND’s).
Another idea that will be discussed in the companion article [11] is an attempt to find
field equations for modified Newtonian theories directly from generalized entropies that can
be calculated by means of statistical interpretations of entropy or, for example, from loop
quantum gravity. These entropies all have the property of being functions of the Boltzmann
entropy SB.
As a preliminary calculation we can use the entropy of the modified Newtonian theory of
Sec. IV. In Ref. [12] an idea due to Verlinde [13] and extended to give a more generalized
Newtonian picture [14] is used to modified Newtonian potentials arising from generalized
entropies that depend only on the probability. The main idea is to assume that the area of
a black hole is proportional to the Boltzmann entropy SB, αA = SB, with S = S(SB) for a
generalized entropy.
For our Newtonian calculation we have to take the Boltzmann entropy of our theory to
be
SB =
kBA
8pi`2P
, (90)
and the generalized entropy associated with the theory discussed in Sec. IV will be
S = SB − 1
3
e−
√
2SB/kB −
√
SB
6
√
pi`P
e−
√
2SB/kB . (91)
In Refs. [12] and [14] a procedure to calculate the Newtonian (or modified Newtonian)
force on a particle of mass m was given. They write the Newtonian force due to a point
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mass M as an entropic force (assuming a strictly radial force depending only on the radius
r) as
F = −GMm
r2
4`2P
kB
∂S
∂A
∣∣∣∣
A=4pir2
rˆ, (92)
where they have used the relativistic relation S = kBA/4`
2
P rather than our Newtonian one.
In our case we should write
F = −GMm
r2
8pi`2P
kB
∂S
∂A
∣∣∣∣
A=4pir2
rˆ. (93)
Using dS/dA from (88) the entropic force (93) becomes
F = −GMm
r2
[
1− 1
3
e−r/`P
]
rˆ. (94)
For our potential (70) the force, −∇Φrˆ, is
F =
−GMm
r2
[
1 +
1
3
e−r/`P +
1
3
(
r
`P
)
e−r/`P
]
rˆ. (95)
The entropic force is far from this force, so the circle does not close. However, the entropic
force does generate another modified Newtonian theory of gravity. We can find the potential
ΦE that generates this force, −
∫
(F · rˆ)dr, and
ΦE = −GMm
r
[
1− 1
3
e−r/`P +
r
`P
E1(r/`P )
]
, (96)
E1 an exponential integral, a somewhat more unusual potential.
Another way of calculating the force would be to define what could be called a “Schwarzschild
area,” AS, AS = 16piG
2M2/c4, or M =
√
ASc
2/4
√
piG. This gives us
dS
dAS
=
1
8pi`2P
[
1 + Φ1(
√
AS/2
√
pi`P ) +
√
AS
dΦ1
d
√
AS
(
√
AS/2
√
pi`P )
]
, (97)
or in our case,
dS
dAS
=
1
8pi`2P
[
1 +
1
3
e−
√
AS/2
√
pi`P −
√
AS
6
√
pi`P
e−
√
AS/2
√
pi`P
]
. (98)
and the entropic force is
F = −GMm
r2
[
1 +
1
3
e−r/`P − 1
3
(
r
`P
)
e−r/`P
]
, (99)
which is closer to m∇Φ, except for the sign of the last term in brackets. The major difficulty,
however, is that AS has nothing to do with the area of the black hole.
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One question we have not addressed is what field equation would generate the Φ given
above. This is difficult to answer. It is similar to asking what ODE has as its solution the
algebraic function y = x3. Without any restrictions on our differential equation there are
an infinite number of answers. In our companion article [11] we discuss this problem.
One possible solution would be to use a Jacobson-type analysis for higher-curvature
theories mentioned above. For our simplified Newtonian calculation in Sec. III it would
be difficult to reconcile Eq. (18) that is linear in A with an entropy S(A) that is a more
complicated function of A.
Another possible avenue to explore is Wald’s derivation of black hole entropy as a Noether
charge [15, 16]. There are a number of articles that attempt to find such an entropy for
f(R) theories of gravity with varying levels of success. We plan to consider this possibility
in our Newtonian context where explicit black hole solutions are more easily found, perhaps
from the viewpoint of the metric-affine formulation of Section III.
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Appendix: Simplified electromagnetic and gravitational particle production
Particle production by an electric field can be modeled by assuming that virtual particles
appear and disappear inside a distance of the Compton wavelength of that particle. That
is, we take the following Feynman diagram seriously. The two particles have a maximum
separation of the Compton wavelength, `c = ~/mc, where for an electron we use m = me.
At the maximum separation the force of attraction between the two particles is e2/`2c . If
we apply a constant electric field, E, it causes a force separating the two particles of eE.
The electric field will pull the virtual particles apart and make a real electron-positron pair
when E = e/`2c , or
E =
em2c2
~2
. (A.1)
For an electron this is
E ≈ 1018 statV
cm
= 1017
V
m
. (A.2)
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FIG. 4. Feynman diagram for the virtual production of an electron-positron pair.
A typical Van de Graff gives an E of a few tens of millions of volts per meter, E ≈ 106V/m,
or eleven orders of magnitude less than what is needed to produce these particles from
vacuum.
Another possibility is to assume that we need enough electric field energy in a sphere of
radius `c to be equal to twice the rest energy of a particle of mass m, 2mc
2 [17], or(
E2
8pi
)(
4pi
3
`3c
)
= 2mc2, (A.3)
or
E2 =
12c~
`4c
=
12e2
α`4c
, (A.4)
α the fine structure constant, or
E ≈ 40e
`2c
, (A.5)
about an order of magnitude more than above.
If we attempt to have a gravitational field produce particles by a similar mechanism,
we can consider the following “Feynman” diagram with a large mass M a distance R from
a virtual pair. We consider the virtual pair to be two masses m. There is no need for a
negative mass, since there is no conservation of mass (however, see the body of the paper for
a caveat). Figure 5 shows this situation. For simplicity we will consider simply Newtonian
gravity, the tidal force separating the two masses is
2GMm
R3
`c. (A.6)
For this to overcome the gravitational attraction between the two particles we would need
2GMm
R3
`c =
Gm2
`2c
, (A.7)
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FIG. 5. “Feynman” diagram for the virtual production of two particle of mass m.
or
M
R3
=
m
2`3c
. (A.8)
To produce particles of mass m just at the point where the escape velocity is c (supposing
the particles separate at the speed of light) for the particles to escape to infinity, we need
R = 2GM/c2, or a mass of
M2 =
c3~3
4G3m4
=
1
4
M6P
m4
, (A.9)
(MP the Planck mass) or
M =
M3P
m2
. (A.10)
To produce particles with the mass of an electron,
M ≈ 1039gm ≈ 106M, (A.11)
more or less the mass of a globular cluster. For many years it was assumed that tidal forces
would drive particle production, requiring gravitational fields of this magnitude. In GR this
would involve Rαβµν .
In GR we can consider the same virtual particles in a spherical shell between the
Schwarzschild radius of a black hole, rS, and rS + `c (see Fig. 6). For radial particle
motion in a Schwarzschild field we have
dr
dτ
=
√
ε2 − 1 + rS
r
, (A.12)
where ε is a dimensionless energy parameter. Assume that one member of the particle pair
falls into the black hole and disappears, and the other escapes to infinity from r0 = rS +`c/2
19
FIG. 6. Shell of width `c around a black hole.
with velocity c. For r = r0,
dr
dτ
∣∣∣∣
r0
= 1 ≈
√
ε2 − `c
2rS
, (A.13)
and at infinity,
dr
dτ
∣∣∣∣
r=∞
=
√
ε2 − 1. (A.14)
Solving, we find the kinetic energy at infinity mc2(ε− 1), using
ε2 = 1 +
`c
2rS
, (A.15)
or
ε ≈ 1 + `c
4rS
, (A.16)
so
mc2(ε− 1) = mc
2`c
4rS
=
~c3
8MG
. (A.17)
Note that m does not appear, so at least formally, this result applies to radiation as well as
particles. The temperature associated with this energy is
T =
~c3
8MGkB
= TMLH , (A.18)
essentially the Hawking temperature, TH = ~c3/8piGMkB. The factor of pi may be geomet-
ric.
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